Graphs with three mutually pseudo-similar vertices  by Godsil, C.D & Kocay, W.L
JOURNAL OF COMBINATORIAL THEORY, SERIES B 35, 240-246 (1983) 
Graphs with Three Mutually 
Pseudo-similar Vertices 
C. D. GODSIL 
Department of Mathematics, Simon Fraser University, 
Burnaby, British Columbia, Canada 
AND 
W. L. KOCAY 
Department of Computer Science, University of Manitoba, 
Winnipeg, Manitobu, Canada 
Communicated by the Editors 
Received October 7, 1982 
Vertices u and u of a graph X are pseudo-similar if X-U z X - u but no 
automorphism of X maps u to u. We describe a group-theoretic method for 
constructing graphs with a set of three mutually pseudo-similar vertices. The 
method is used to construct several examples of such graphs. An algorithm for 
extending, in a natural way, certain graphs with three mutually pseudo-similar 
vertices to a graph in which the three vertices are similar is given. The algorithm 
suggests that no simple characterization of graphs with a set of three mutually 
pseudo-similar vertices can exist. 
1. INTRODUCTION 
We shall use the graph-theoretic terminology of Bondy and Murty [ 11, so 
that a graph X has vertex-set V(X) and edge-set E(X). 
1.1. DEFINITION. Vertices u and v of a graph X are pseudo-similar if 
X - u s X - ZJ but no automorphism of X maps u to U. If u and u are related 
by an automorphism, then u and v are similar. 
Pseudo-similar vertices were first discovered by Harary and Palmer [5], 
where a method was given for constructing graphs with a pair of pseudo- 
similar vertices. In Godsil and Kocay 141 a method for constructing such 
graphs was given, and it was proved that all graphs with a pair of pseudo- 
similar vertices could be constructed in this way. 
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Krishnamoorthy and Parthasarathy 181 give an infinite family of graphs 
with a set of k mutually pseudo-similar vertices, for k a power of two, and 
Kimble, Schwenk, and Stockmeyer 161 give an infinite family of such graphs 
for each value of k > 2. 
The methods of 141 do not generalize to sets of k > 3 mutually pseudo- 
similar vertices. In this paper we give a group-theoretic method for 
constructing graphs, with a set of three mutually pseudo-similar vertices, and 
use it to construct many examples of such graphs. We also consider the 
question of finding necessary conditions which all graphs with three 
mutually pseudo-similar vertices must satisfy. This is discussed in more 
detail in Kocay 171. 
2. THE MAIN CONSTRUCTION 
2.1. THEOREM. Let X be a graph, and let G = Aut X. Let S E V(X) and 
let a be an element of G such that the sets S, as, and a2S are distinct. Let b 
be an element of G such that b fixes S and either aba2 or a -‘ba2 fixes S. 
Join new vertices u, v, and w  to the vertices of S, as, and a2S, respectively. 
Call the new graph Y. Then Y - u, Y - v, and Y - w  are isomorphic. 
ProoJ The automorphism a sends S onto as, and aS onto a2S. Hence 
Y - w  E Y - u. If aba2 fixes S, then ab maps a2S onto S and S onto as. 
Hence in this case Y - v z Y - w. If a-‘ba2 fixes S, then b maps a2S onto 
aS and fixes S. Hence here also Y - v z Y - w. u 
Notice that a maps a2S to a3S. If a3S = S then u, v, and w are similar 
vertices in Y. But if the sets S, as, a’s, and a3S are all distinct, then u, v, 
and w may be pseudo-simiiar. We now give some examples of how the 
method just presented can be made to work. 
2.2. EXAMPLE. Let G be the group with presentation 
(a, b / a’ = b3 = e, ba = a’b). 
The order of G is 21 (see 16, pp. 9-11, 1341). Let C= {a, a-‘, b, b-l} and 
let X = X(G, C) be the Cayley graph of G with respect to C, i.e., 
(i) V(X) = G, 
(ii) E(X) = {(g, gh) I h E C, g E GJ. 
Let S be the set (e,ab, a3b2} = (ab). Let a’=a and b’ =a3b2. Then the 
cosets S, a’s, af2S, and ar3S are distinct, and b’s = S. Also, a’-‘b’af2 = 
a -‘a3b2a2 = a3b2 E S, so that a’-’ bra” fixes S, too. Thus we can apply 
Theorem 2.1 with a’ and b’ to obtain a new graph Y with vertices U, v, and 
w such that Y - U, Y - v, and Y - w are isomorphic. 
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FIGURE 1 
A straightforward but tedious calculation shows that u, v, and w must 
actually be pseudo-similar, not similar. We omit the details. 
The graph Y is illustrated in Fig. 1. Vertex u is joined to the dark dots, v 
is joined to the squares, and w to the triangles. 
2.3. EXAMPLE. Let Y, denote the graph of [ 6, Sect. 21 with k > 2 
mutually pseudo-similar vertices. Let X, denote the graph got. from Y, by 
deleting the k pseudo-similar vertices. X, consists of 3k(k - 1)/2 independent 
edges. G = Aut X, is isomorphic to the wreath product of S, and S,,,,- ,,,z, 
where S, denotes the symmetric group on n letters. X, is illustrated in Fig. 2. 
The set S is marked by dark dots. Let a = (1, 2, 3, 4, 5, 6, 7, 8, 9)( 10, 11, 
12, 13, 14, 15, 16, 17, 18) and b= (1, 6)(2, 5, 8)((3, 7)(4, 9)(10, 15)(11, 14, 
17)(12, 16)(13, 18). The sets S, US, a*S, and a3S are all distinct, and b fixes 
S. Also u-‘bu’ fixes S, where the product of permutations a-‘ba* is 
multiplied from right to left. By Theorem 2.1, the graphs Y, - U, Y, - v, and 
Y3 - w are all isomorphic. 
Example 2.2 can be generalised, as shown in Theorem 2.5. 
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FIGURE 2 
2.4. DEFINITION. Let n, I, and k be positive integers such that 1 < k < n, 
1 < n, and k’ - 1 3 0 (mod n). The group G(n, 1, k) is defined by the presen- 
tation 
(a, b 1 an, b’, ba = akb). 
G(n, 1, k) is a group of order nl (see 16, pp. 9-l 11). 
2.5. THEOREM. Let G(n, 1, k) be given. Suppose there exist positive 
integers m and j, such that 1 < m < n, 1 < j < 1, gcd(m, n) < n/4, and either: 
(i) m(2kj - 1) = 0 (mod n) and m(kj - 2) f 0 (mod n); or 
(ii) m(2kj+l)=O(modn)andm(kj-l)fO(modn). 
Then there exists a graph Y with 3 mutually pseudo-similar vertices u, v, and 
w  such that: 
(i) G(n, 1, k) is a subgroup of Aut(Y - {u, U, w}); 
(ii) Y has at least nl + 3 vertices. 
ProoJ Let X be the Cayley graph of G(n, I, k) with respect to the 
generating set (a, a-‘, b, b-l}. Then we can consider G(n, 1, k) as a subgroup 
of Aut X. For the left regular representation of G(n, 1, k) acts as a group of 
automorphisms of X. G(n, 1, k) is a proper subgroup of Aut X, since the map 
aSbf + anpsbr is also an automorphism of X, but is not a member of 
G(n, I, k). (However, ash’ + ash’-’ is not, in general, an automorphism.) We 
choose a set S c V(X) and automorphisms a’ and b’ of X so that the 
conditions of Theorem 2.1 are satisfied. 
Case I. m(2kj - 1) = 0 (mod n) and m(kj - 2) f 0 (mod n). In this case 
let b’ = a’bj, where i is any integer such that 1 < i < n. Let a’ = am. Let 
S = (b’), the subgroup of G(n, 1, k) generated by b’. Then S s V(X). A 
simple computation shows that b” = arcf)bfj, where r(t) = i(k’j - l)/(kj - 1) 
(mod n). When tj = 0 (mod Q notice that r(t) = 0 (mod n), since k’ - 1 = 0 
(mod n), by Definition 2.4. It follows that the order of S is I/gcd(j, I), and 
that the cosets S, a’s, a’*S, and a13S are distinct, since gcd(m, n) < n/4. 
AlsO af-lblal* fixes s; for a’+‘b’a’* = ai-mbja2m =,i+m(2kj-l) bj = 
a’bj E S. Thus b’ fixes S and maps a’*S to aIS: as in the proof of 
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Theorem 2.1. The condition m(kj - 2) f 0 (mod xz) is added to ensure that b’ 
does not map U’S to a’*S. If follows that the graph Y of Theorem 2.1 
satisfies Y - u g Y - u z Y - w. Moreover, no automorphism of Y due to 
G(n, I, k) maps any of u, v, or w to another. In practice, u, v, and w have 
always turned out to be pseudo-similar, rather than similar (see Examples 2.6 
to 2.8 following). 
However, to ensure that no similarities arise, note the following. X is a 4- 
regular graph. The degrees of Y are 4, 5 (the sets S, Q’S, and a’*S), and I 
(the vertices U, v, and w). If 1 is 4 or 5, then add the edges UU, UW, and VW to 
Y. Then all automorphisms of Y arise from Aut X. We need only use 
Frucht’s method of adding “gadgets” (see Babai [ 11) to the edges of X to 
ensure that the automorphism group is isomorphic to G(n, I, k). It then 
follows that U, v, and w are pseudo-similar. 
CaseII. m(2kj + 1)s 0 (mod n) and m(kj-- I)& 0 (mod n). In this 
case, let a’ = am, and b’ = aiembji, where 1 < i < n and i # m. Let S = (b’). 
Then S, Q’S, a’*S, and ar3S, are all distinct, as above. Also b’ fixes S, 
and so does a’b’a”; for a/bla,2 = &,,lt”,bjabl = &-m+m(2ki+ 1) bj = 
aiembj E S. It follows from Theorem 2.1 that a’b’ maps a’*S to S to a’S. 
The condition m(kj - 1) & 0 (mod n) ensures that a’b’ does not map a’S to 
a’*S. We then proceed as in Case I. I 
2.6. EXAMPLE. The group of Example 2.2 is G(7, 3,2). If we choose 
j = 2, then m(2kj - I) = 7m = 0 (mod 7), for any m. The conditions (i) of 
Theorem 2.5 are satisfied giving the graph of Fig. 1. 
2.7. EXAMPLE. Take G(9,3,4). Choose j = 1. Then m(2k’ + 1) = 9m = 0 
(mod 9). This satisfies conditions (ii) of Theorem 2.5, so long as m f 3. 
2.8. EXAMPLE. Another example is G(ll, 5, 3), with j = 3. Then 
m(2kj + 1) = 1 lm = 0 (mod 1 l), satisfying conditions (ii), for any m. 
Groups satisfying Theorem 2.5 are plentiful. However, the dihedral group 
G(n, 2, n - 1) is never suitable. 
2.9. THEOREM. The groups G(n, 2, k) never satisfy the conditions of 
Theorem 2.5. 
ProoJ If the conditions were satisfied, the only possible choice for j 
would be 1. This requires that m(2k f 1) = 0 (mod n), and that k2 - 1 = 0 
(mod n), by Definition 2.4. A direct calculation shows that 
gcd(k’ - 1, 2k f 1) can only be 1 or 3. Since n divides k2 - 1 and 
m(2k i l), we must take gcd(k’ - 1, 2k k 1) = 3. But then we must have 
n/3 divides m, so that the condition gcd(m, n) < n/4 can not be satisfied. 1 
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3. NECESSARY CONDITIONS 
If Y is a graph with pseudo-similar vertices u and v, then the main 
theorem of [4] for pairs of pseudo-similar vertices shows how to add a 
sequence of vertices to Y so that u and v become similar in the resultant 
graph. 
Consider the construction of Theorems 2.2 and 2.5. We add three vertices 
u, u, and w to X corresponding to the sets S, US, and a*S. These vertices 
correspond to cosets of a subgroup K of Aut X. K is the set-wise stabiliser of 
S in Aut X. If we choose a complete set of cosets of K in Aut X and add a 
vertex to X corresponding to each coset, then the action of Aut X on the 
resultant graph will induce a permutation group on the new vertices exactly 
equal to the permutation representation of Aut X on the cosets of K. 
Thus, for the graphs of Theorems 2.2 and 2.5, a result similar to that of 
[4] exists, namely the graph Y can be extended in a natural manner so as to 
make the vertices u, II, and w similar. 
In certain circumstances, we can always do this. Let 8: Y - u + Y - u and 
$: Y - w -+ Y - u be isomorphisms. Then O’(U) = 2) and #‘(u) = w, for 
suitable positive integers k and I, by a lemma of 141. Notice that O(v) and 
4(w) are not defined. Define a set Ug V(Y) as follows: 
(1) &V,WEU, 
(2) if x E U then B(x) and/or 4(x) are in U, if B(x) and/or #(x) exist. 
3.1. ALGORITHM. Let Y be a graph with three mutually pseudo-similar 
vertices u, v, and w. Let 19, 4, and U be as above. Suppose that the induced 
sub-graph Y]U] contains no edges. Then the following algorithm completes 
Y to a graph in which u, u, and w are similar. 
(1) While there exists x E U such that O(x) or 4(x) is not defined, do 
(2) Given an x such that O(x) (or 4(x)) is not defined, suppose that x 
is joined to vertices M of V(Y) - U. 
(3) Find 8(M) (or #(M)). 
(4) If some vertex y E U is adjacent to B(M) (@(M)) then define 
@(xl = Y (d(x) = Y>. 
else create a new vertex z, join it to B(M) (4(M)), set /9(x) = z 
(4(x) = z), and set U to UU {z). 
(5) end. 
3.2. LEMMA. Algorithm 3.1 terminates in a finite number of steps, 
having produced a graph Y’ in which u, v, and w are similar. 
ProoJ Let u be adjacent to vertices M of V(X) - U. Since Y is a finite 
graph, there are only a finite number of subsets of V(X) - U of size ]Mi. 
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Thus Algorithm 3.1 can only add a finite number of vertices to Y. Since 
Y[ Uj contains no edges, all the new vertices added to Y are similar to U, v, 
and w, which become similar to each other. I 
Algorithm 3.1 is essentially the Todd-Coxeter algorithm 131 for the 
enumeration of cosets of a subgroup K of Aut(Y - U), where K is the set- 
wise stabiliser of M. The restriction that Y[ Ul contain no edges may seem 
unrealistic, but all graphs with three mutually pseudo-similar vertices known 
to date satisfy it (or its opposite, i.e., Y[U] is a complete graph). The 
problem with allowing edges in Y[ U] is that at some stage in Algorithm 3.1 
an unwanted edge may be introduced into Y[U]. The Todd-Coxeter 
algorithm does not normally use edges between the cosets being enumerated. 
We can now see why no simple conditions like those of [4] for pairs of 
pseudo-similar vertices can exist for sets of three or more mutually pseudo- 
similar vertices. With only two pseudo-similar vertices, there is only one 
isomorphism, 0. It is very easy to determine all groups with one generator, 
the cyclic groups. When two generators, 8 and $ are allowed, we can no 
longer a priori say what the structure of the group will be. 
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